Isomorphisms of Finite Cayley Digraphs of Bounded Valency, II  by Li, Cai Heng
Journal of Combinatorial Theory, Series A 87, 333346 (1999)
Isomorphisms of Finite Cayley Digraphs
of Bounded Valency, II*
Cai Heng Li-
Department of Mathematics, The University of Western Australia, Nedlands,
Western Australia 6907, Australia
E-mail: limaths.uwa.edu.au
Communicated by William M. Kantor
Received February 18, 1999
For a finite group G and a subset S of G which does not contain the identity of
G, denote by Cay(G, S) the Cayley digraph of G with respect to S. An auto-
morphism _ of the group G induces a graph isomorphism from Cay(G, S) to
Cay(G, S_). In this paper, we investigate groups G and Cayley digraphs Cay(G, S)
of G for which the following condition holds: for any T/G, Cay(G, S)$Cay(G, T )
if and only if S_=T for some _ # Aut(G). For a positive integer m, a group G is
called an m-DCI-group if the condition holds for all Cayley digraphs of valency at
most m; while G is called a connected m-DCI-group if it holds for all connected
digraphs of valency at most m. This paper contributes towards a complete
classification of finite m-DCI-groups for m2. It was previously proved by
C. H. Li et al. (1998, J. Combin. Theory Ser. B 74, 164183) that finite m-DCI-
groups for m2 belong to an explicitly determined list DCI(m) of groups.
However, it is still an open problem to determine which members of DCI(m) are
really m-DCI-groups. We reduce this problem to the problem of determining
whether all subgroups of groups in DCI(m) are connected m-DCI-groups. Then
we give a complete classification of finite 2-DCI-groups.  1999 Academic Press
1. INTRODUCTION
For a finite group G and a subset S of G"[1], the Cayley digraph
Cay(G, S) of G with respect to S is defined as the directed graph with
vertex set G and edge set [(a, b) | a, b # G, ba&1 # S]. The digraph Cay(G, S)
is of valency |S|; Cay(G, S) is connected if and only if (S) =G.
By the definition, it is clear that an automorphism _ of a group G
induces a graph isomorphism from Cay(G, S) to Cay(G, S_). A Cayley
digraph Cay(G, S) of G is called a CI-graph of G (CI stands for Cayley
isomorphism) if, for any Cay(G, T), whenever Cay(G, S)$Cay(G, T), we
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have S_=T for some _ # Aut(G). A finite group G is called an m-DCI-group
if all Cayley digraphs of valency at most m are CI-graphs, and similarly, G
is called a connected m-DCI-group if all connected Cayley digraphs of
valency at most m are CI-graphs. This paper is a contribution towards a
complete classification of finite m-DCI-groups for m2.
The problem of determining m-DCI-groups has received a lot of atten-
tion in the literature, see for example [18, 19] and surveys in [1, 21, 23,
26]. Dependent on the finite simple group classification, much progress
about this problem has been made recently: Zhang [27] obtained a good
description of finite 1-DCI-groups; Praeger, Xu and the author [16] gave
an explicit list of groups which contains all finite m-DCI-groups for m2.
This paper investigates the problem of determining which groups in the list
provided in [16] are really m-DCI-groups.
A group is said to be homocyclic if it is a direct product of cyclic groups
of the same order. For groups G and H, we shall use G < H to denote a
semidirect product of G by H. Let E(M, 2r)=M < (z) be a finite group
such that
(i) M is an abelian group of odd order and all Sylow subgroups of
M are homocyclic;
(ii) (z) $Z2 r , where r1 and xz=x&1 for any x # M.
Then candidates for finite m-DCI-groups can be stated as in the follow-
ing definition.
Definition 1.1. Let m2 be an integer, and let DCI(m) denote the
class of finite groups G which satisfy the following conditions:
(1) A Sylow p-subgroup Gp of G is homocyclic or Q8 , and further,
if p=m then Gp is elementary abelian, cyclic or Q8 ; if p<m then Gp is
elementary abelian, Z4 or Q8 ;
(2) G=U_V with ( |U |, |V | )=1, where U is abelian of odd order,
and either V is trivial or V is one of the following:
(a) Zr2 , Z2 r , and E(M, 2
r), where r1 and M is an abelian group;
(b) Q8 , A4 , Q8 < Z3 , Z
2
3 < Q8 and A5 , where Q8 < Z3 is non-
nilpotent, and Z23 < Q8 is a Frobenius group.
By [16, 14], all m-DCI-groups belong to DCI(m). The problem of
classifying m-DCI-groups therefore becomes the problem of determining
which groups in DCI(m) are really m-DCI-groups. To decide whether a
group G is an m-DCI-group, we need to decide whether all Cayley digraphs
Cay(G, S) of G of valency at most m are CI-graphs. Thus we need to decide
that, for each Cay(G, T),
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(1) whether Cay(G, S)$Cay(G, T)? and if so,
(2) whether S_=T for some _ # Aut(G)?
Problem (1) is a well-known difficult problem. It easily follows from the
definition that a disconnected Cayley digraph is a vertex disjoint union of
isomorphic connected Cayley digraphs. Therefore, we only need to decide
whether a connected component of Cay(G, S) is isomorphic to a connected
component of Cay(G, T). This is the principle motivation of the following
result, which provides a useful reduction for the problem of classifying m-DCI-
groups (see the proof of Theorem 1.3).
Theorem 1.2. Let m2 be an integer. Then all finite m-DCI-groups lie
in DCI(m). Moreover, a group G # DCI(m) is an m-DCI-group if and only
if all subgroups of G are connected m-DCI-groups.
If a group G is an m-DCI-group, then all subgroups of G are clearly
connected m-DCI-groups. Theorem 1.2 shows that for members of DCI(m),
the converse is also true. The class of connected m-DCI-groups are much
larger than the class of m-DCI-groups, see [1214]. However, even with
the knowledge given in Theorem 1.2, it is still very difficult to determine
whether a member of DCI(m) is an m-DCI-group. For example, even the
problem whether Z4p is a p
4-DCI-group is still open, see [1, 6, 20] for
references. For small values of m, namely m3, some special cases have
been determined. By [7], an abelian group G is an m-DCI-group for m3
if and only if G # DCI(m); by [24], a dihedral group G is an m-DCI-
group for m3 if and only if G # DCI(m); by [17], a di-cyclic group G
is an m-DCI-group for m3 if and only if G # DCI(m); by [14], a simple
group G is a 2-DCI-group if and only if G # DCI(2), namely G=A5 .
However, even for m=2, the problem in the general case has been open until
now. The next result gives a complete classification of finite 2-DCI-groups.
Theorem 1.3. A finite group H is a 2-DCI-group if and only if G is a
member of DCI(2), that is, every Sylow subgroup of G is homocyclic or Q8 ,
and G=U_V with ( |U |, |V | )=1, where U is an abelian group of odd order
and either V=1 or V is one of the following:
(i) Zr2 , Z2 r , and E(M, 2
r), where r1 and M is an abelian group;
(ii) Q8 , A4 , Q8 < Z3 , Z
2
3 < Q8 and A5 .
A finite group is said to have the m-DCI property if all Cayley digraphs
of G of valency m are CI-graphs. It is proposed in [15] to characterise
finite groups with the m-DCI property. The author [11] obtained a com-
plete classification of the finite groups which have the 2-DCI property but
not the 1-DCI property, that is, such a group is a type of Frobenius group.
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Thus Theorem 1.3, together with the result of [11], completely classifies
the finite groups with the 2-DCI property.
After we draw some preliminary results in Section 2, we shall prove
Theorem 1.2 in Section 3, and then prove Theorem 1.3 in Section 4.
2. PRELIMINARY RESULTS
The notation and terminology used in the paper are standard (see, for
example, [4, 25]). Let 1=Cay(G, S). By the definition, the group G acting
by right multiplication (that is, g: x  xg) is a subgroup of Aut 1 and acts
regularly on V1, we shall denote this regular subgroup by G . For a group
G and a subgroup H of G, denote by NG(H) and CG(H) the normalizer
and the centralizer of H in G, respectively. The normalizer of G in Aut 1
is often used to characterize 1.
Lemma 2.1 (see [8, Lemma 2.1]). Let G be a finite group, and let
1=Cay(G, S). Let Aut(G, S) :=[: # Aut(G) | S _=S]. Then NAut 1 (G )=
G < Aut(G, S).
This lemma has an immediate consequence which will be used later.
Corollary 2.2. For a finite group G and a Cayley graph 1=Cay(G, S),
if CAut 1 (G )3 G then there exists _ # Aut(G, S) which is an inner-automorphism
of G, that is, _ is induced by an element of G acting on G by conjugation.
The following lemma is a simple fact regarding groups of prime-power
order.
Lemma 2.3 (see [25, p. 88]). Let p be a prime, let G be a p-group and
H<G. Then H<NG(H).
Next we have a criterion for a Cayley digraph to be a CI-graph, which
was obtained by Babai [3], and also by Alspach and Parsons [2].
Theorem 2.4. Let 1 be a Cayley digraph of a finite group G. Let Sym(G)
be the symmetric group on G. Then 1 is a CI-graph if and only if, for any
{ # Sym(G) with G {Aut 1, there exists : # Aut 1 such that G :=G {.
The following result of Gross, together with Theorem 2.4, is often used
in the study of CI-graphs.
Theorem 2.5 [9]. Let G be a finite group and let ? be a set of odd
primes. If G has a Hall ?-subgroup, then all Hall ?-subgroups of G are
conjugate in G.
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Let 1=(V1, E1 ) be a finite graph such that GAut 1 is transitive on
V1. For a normal subgroup N of G which is not transitive on V1, N
induces a quotient graph 1N , for which V1N is the set of all N-orbits on
V1, and two vertices U, V # V1N are adjacent in 1N if and only if there
exist u # U and v # V which are adjacent in 1. For a positive integer s, an
s-arc in a digraph 1 is a sequence (v0 , ..., vs) of s+1 vertices of 1 such that,
for all i with 1is, vi&1 is adjacent to vi , and for all i with 1i<s,
vi&1{vi+1 . The digraph 1 is said to be (G, s)-arc transitive if G is tran-
sitive on the set of s-arcs of 1. In particular, a (G, 1)-arc transitive digraph
is also said to be G-arc transitive. If G=Aut 1, then a (G, s)-arc transitive
graph is simply called s-arc transitive. The proof of the following lemma is
easy and omitted (refer to [22] which is for the undirected graph case).
Lemma 2.6. Let 1 be a connected (G, s)-arc transitive digraph which is of
valency v. Let N be a normal subgroup of G which is not transitive on V1.
Then
(i) 1N is connected and (GN, s)-arc transitive, and the valency of 1N
divides v;
(ii) assuming that GN acts faithfully on the set of N-orbits, the
valency of 1N equals v if and only if N acts semi-regularly on V1 ;
(iii) assuming that v=2 and that 1 is not (s+1)-arc transitive,
( |A||G| )| | 2s.
For a positive integer l, denote by Cl a directed cycle of length l, and
denote by K l the complement of a complete graph of order l. The lexico-
graphic product 11 [12] of two digraphs 11=(V1 , E1) and 12=(V2 , E2) is
the digraph with vertex set V1_V2 such that ((a1 , a2), (b1 , b2)) is an edge
if and only if either (a1 , b1) # E1 or a1=b1 and (a2 , b2) # E2 . For a digraph
1 and a vertex : of 1, let 1l (:) denote the set of vertices to which there
are l-arcs from :, and let 1&1(:) be the set of vertices which are adjacent
to :. Finally, we give a simple relation between the symmetry and the girth
of a digraph, which is a little different with that for undirected graphs, see
[4, Proposition 17.2].
Lemma 2.7. Let 1 be a connected s-arc transitive digraph of valency v for
some s1 and some v2, and let g be the girth of 1. Then either
(1) |V1 |=sv and 1=Cs[K v]; or
(2) sg&2.
Proof. Suppose that sg&1. It follows since 1 is s-arc transitive that
each vertex of 1s&1(:) is adjacent to :, that is, 1s&1(:)=1&1(:). Thus, for
each ; # 1s&2(:), 11(;)=1&1(:). It then follows that 1=Cs[K v]. K
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3. PROOF OF THEOREM 1.2
The main purpose of this section is to prove Theorem 1.2. A finite group
G is called homogeneous if every isomorphism between isomorphic sub-
groups of G is extended to an automorphism of G (refer to [5]). First we
consider the direct product of two homogeneous groups.
Lemma 3.1. Let G=U_V be a finite group with ( |U |, |V | )=1. Then G
is a homogeneous group if and only if U and V are homogeneous groups.
Proof. If G is a homogeneous group, then since U and V are charac-
teristic in G, it follows that U and V are homogeneous groups.
Conversely, assume that U and V are homogeneous groups. Let K1 , K2<G
be such that K1 $K2 , and let _ be an isomorphism from K1 to K2 . Then Ki=
(Ki & U )_(Ki & V) where i=1 or 2 such that (K1 & U )_=K2 & U and
(K1 & V )_=K2 & V. Let _1=_ | K1 & U and _2=_|K1 & V , that is, _1 is the
restriction of _ to K1 & U, and _2 is the restriction of _ to K1 & V. Since
U and V are homogeneous, there exist : # Aut(U ) and ; # Aut(V) such that
:|K1 & U=_1 and ;|K1 & V=_2 . Now (K1 & U)
:=(K1 & U )_1=(K1 & U)_=
K2 & U and (K1 & V );=(K1 & V)_2=(K1 & V)_=K2 & V. Thus we have
{=(:, ;) # Aut(G) such that K {1=(K1 & U )
:_(K1 & V );=(K2 & U )_
(K2 & V)=K2 . So G is a homogeneous group. K
The next proposition shows that all candidates for finite m-DCI-groups
for m2 are homogeneous.
Proposition 3.2. All members of DCI(m) for m2 are homogeneous
groups.
Proof. Let G be a member of DCI(m). Then G=U_V satisfies Defini-
tion 1.1. By [5, Proposition 8], Q8 , A4 , Q8 < Z3 , Z
2
3 < Q8 , Z
d
n , and E(M, 2
r)
are all homogeneous. Therefore, by Lemma 3.1, U is homogeneous, and
further, to complete proof of the proposition, we only need to prove that
A5 is a homogeneous group. Hence let V=A5 . It is known that all maxi-
mal subgroups of V of the same order are conjugate, and if H is a maximal
subgroup of V then H$D6 , D10 or A4 , which are known to be homo-
geneous groups. It is easily checked that Aut(D6)=D6 , Aut(D10)=Z5 < Z4
and Aut(A4)=S4 . Hence Aut(H)$NAut(V )(H)<Aut(V ). Let L, K<V be
such that L$K and let _ be an isomorphism from L to K. Since any
subgroup of V is contained in some maximal subgroup and all maximal
subgroups of V of the same order are conjugate, we may assume that
L, KH. Since H is a homogeneous group, _ can be extended as an auto-
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morphism { of H. Since Aut(H)$NAut(V)(H), this { can be induced by an
element g of NAut(V )(H). Now L g=L{=L_=K, that is _ can be extended
as the automorphism g of V, and so V is a homogeneous group, as required. K
This proposition has an immediate consequence.
Corollary 3.3. All members of DCI(m) for m2 are 1-DCI-groups.
Proof. Let G be a member of DCI(m), where m2. Let a, b # G be
such that Cay(G, [a])$Cay(G, [b]). Then o(a)=o(b), and (a) $(b).
By Proposition 3.2, G is a homogeneous group and so there exists _ #
Aut(G) such that a_=b. Thus all Cayley digraphs of G of valency 1 are
CI-graphs, and G is a 1-DCI-group. K
The next lemma states a simple property about CI-graphs.
Lemma 3.4. Let G be a finite group, and let 1=Cay(G, S) be a CI-graph
of G. Then Cay((S) , S) is a CI-graph of (S).
Proof. Let T/(S) be such that Cay((S) , S)$Cay((S) , T ). Then
1=(|G||(S) | ) Cay((S) , S)$( |G||(S) | ) Cay((S) , T )=Cay(G, T ). As
1 is a CI-graph of G, there exists _ # Aut(G) such that S_=T. Now
Cay((S) , S) and so Cay((S) , T) is connected. Thus (T)=(S) , and
hence (S) _=(T)=(S). Therefore, _ induces an automorphism of the
subgroup (S) , and so Cay((S) , S) is a CI-graph of (S). K
In the following lemma, for a member G of DCI(m) and a subset S
of G, we describe a relation between Cay((S) , S) being a CI-graph of (S)
and Cay(G, S) being a CI-graph of G.
Lemma 3.5. Suppose that G is a homogeneous group. Let 1 :=Cay(G, S)
be a Cayley digraph of G, and suppose that, for any T/G, Cay((T) , T )$
Cay((S), S) implies (T)$(S). Then 1 is a CI-graph of G if Cay((S), S)
is a CI-graph of (S).
Proof. Assume that Cay((S) , S) is a CI-graph of (S). Let T/G be
such that 1$Cay(G, T ). Set H :=(S) and K :=(T) . Then clearly
Cay(K, T )$Cay(H, S) and so by the assumption, K$H. Let _ be an
isomorphism from K to H and let T $=T _. Then Cay(H, T $)$Cay(K, T )
$Cay(H, S). Since Cay(H, S) is a CI-graph of H, there exists : # Aut(H)
such that (T $):=S. Thus ; :=_: is an isomorphism from K to H such that
T ;=(T _):=(T $):=S. As G is a homogeneous group, there exists an
automorphism \ of G such that ;=\|K , the restriction of \ to K. There-
fore, T \=T ;=S, and so 1 is a CI-graph of G. K
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We have a simple observation about groups in DCI(m).
Lemma 3.6. Let G be a member of DCI(m) for m2. Suppose that
H, K<G are such that each Sylow subgroup of H is isomorphic to a Sylow
subgroup of K. Then H$K.
Proof. If G is nilpotent, then the lemma clearly holds. Thus assume that
G is not nilpotent. Then by the definition of DCI(m), G=U_V such that
( |U |, |V | )=1, U is abelian, V is A4 , Q8 < Z3 , A5 , Z23 < Q8 or E(M, 2
r). If
V{(M, 2r), then all subgroups of V of the same order are isomorphic, and
it follows that H$K. Assume that V=E(M, 2r). As M is abelian, H & M
$K & M, and since a Sylow 2-subgroup H2 of H is cyclic and isomorphic
to a Sylow 2-subgroup K2 of K, it follows that H=(H & U)_((H & M) < H2)
$(K & U )_((K & M) < K2)=K, as desired. K
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Assume that G is an m-DCI-group, where m2.
By [16] and [14], G is a member of DCI(m). Let H be a subgroup of G
such that H=(S) for some subset S of size at most m. Then Cay(G, S)
is a Cayley digraph of G of valency at most m. Since G is an m-DCI-group,
Cay(G, S) is a CI-graph of G. By Lemma 3.4, Cay((S) , S) is a CI-graph
of (S) , and so H is a connected m-DCI-group.
Conversely, let G be a member of DCI(m) where m2. By Proposi-
tion 3.2, G is a homogeneous group. Assume that each subgroup of G is a
connected m-DCI-group. Let H be a subgroup of G, and let Cay(H, S) be
connected and of valency at most m. Then Cay(H, S) is a CI-graph of H.
We need to prove that Cay(G, S) is a CI-graph of G. Let T/G be such
that Cay(G, S)$Cay(G, T ). Then Cay(H, S)$Cay(K, T ), where K=(T).
Let A = Aut Cay( H, S ) and B = Aut Cay( K, T ). Then A = H A1 with
H & A1=1, and B=K B1 with K & B1=1, where A1 , B1 is the stabilizer of
1 in A, B, respectively. As Cay(H, S)$Cay(K, T ), we have A$B and
|H |=|K |. Since |S|, |T |m, it follows that every prime divisor of |A1 |
(and of |B1 | ) is at most m. Let q be a prime of |H |, and let H q be a Sylow
q-subgroup of H and K q a Sylow q-subgroup of K . We claim that H q $K q .
If q>m, then H q is a Sylow q-subgroup of A and K q is a Sylow q-subgroup
of B, and since A$B, H q $K q . Next assume that qm. Then a Sylow
q-subgroup Gq of G is elementary abelian, cyclic or Q8 , and so any two
subgroups of Gq of the same order are isomorphic. Since |H |=|K | , we
have |H q |=|K q |, and so H q $K q . Consequently, H q $K q for all prime
divisors q of |H |. By Lemma 3.6, H $K , and therefore, by Lemma 3.5,
Cay(G, S) is a CI-graph of G. This completes the proof of the theorem. K
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4. PROOF OF THEOREM 1.3
In this section, we prove Theorem 1.3, that is, the finite 2-DCI-groups
are exactly the members of DCI(2). By Theorem 1.2, all 2-DCI-groups are
members of DCI(2). Thus we only need to prove the converse that all
members of DCI(2) are really 2-DCI-groups. By Definition 1.1, a member
of DCI(2) has the form U_V with certain extra restrictive conditions.
First we analyse some candidates for V.
Lemma 4.1. Let G be one of the groups Q8 , A4 and Q8 < Z3 , and let
1 be a connected Cayley digraph of G of valency 2. Then 1 is not 2-arc-
transitive.
Proof. Let A=Aut 1. Write 1=Cay(G, S) where S=[a, b] such that
(a, b)=G. If G=A4 then it follows from Lemma 2.7 that 1 is not 2-arc-
transitive.
Assume that G=Q8 . Then o(a)=o(b)=4, and so a2=b2 # 1(a) & 1(b).
However, ba  1(a) & 1(b). Thus A(1, a) , the stabilizer of arc (1, a), is not
transitive on 1(a)=[a2, ba]. So 1 is not 2-arc-transitive.
Assume now that G=Q8 < Z3 . Suppose that 1 is 2-arc-transitive. It
follows from Lemma 2.6 that both a and b have order greater than 3. As
(a, b)=G, at least one of a and b is of order 6. Suppose that a is of order
4 and b is of order 6. Since 1 is 2-arc-transitive, A(1, a) is transitive on
1(a)=[a2, ba]. Therefore, as a4=1, baxy=1 where x, y # [a, b]. It is
straightforward to check that this is not possible. Thus both a and b are of
order 6. Since now A(1, a) is transitive on 1(a)=[a2, ba] and a3=b3, we
have that bax= yzw where x, y, z, w # [a, b] such that ( y, z, w){(b, a, x).
Thus in the quotient group G :=G(a3) , b a x =y z w . As (a, b)=G, a {b .
It is then easy to check that this is not possible. Thus 1 is not 2-arc-transitive.
K
Next we give a property about an extension of the quaternion group.
Lemma 4.2. Let G=Q8 , and let H be a non-central extension of G by
Z2 . Assume that the extension is split, that is there exists an involution in
H"G. Then G is the only subgroup of H that is isomorphic to Q8 , and
H=SD16 , the semi-dihedral group of order 16, defined as
SD16=(x, y | x8= y2=1, x y=x3) .
Further, H contains no subgroups isomorphic to Z2_Z4 .
Proof. Let y be an involution in H"G. By the assumption, y induces an
nontrivial automorphism of G. It is easily checked that there exists a
subgroup (a) of G of order 4 which is not normalized by y. Let x=ay.
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Then a straightforward calculation shows that x is of order 8, x y=x3, and
that (x2, xy) is the only subgroup of H which is isomorphic to Q8 . K
Now we prove our second result of the paper.
Proof of Theorem 1.3. As we have noticed, we only need to prove that
all groups in DCI(2) are 2-DCI-groups. Let D be a member of DCI(2).
By Corollary 3.3, D is a 1-DCI-group. Thus we only need to prove that
Cayley digraphs Cay(D, S) of valency 2 are all CI-graphs. Further, by
Theorem 1.2, we only need to prove that 1 :=Cay((S) , S) is a CI-graph
of (S). Let G=(S) . By [12], if G is abelian then 1 is a CI-graph. Thus
we assume that G is nonabelian. By Theorem 1.2, either D is abelian, or D
has the form D=X_Y such that ( |X | , |Y | )=1, X is abelian of odd order
and Y=Q8 , A4 , Q8 < Z3 , A5 , Z23 < Q8 or E(M, 2
r). Since G is a nonabelian
subgroup of D, G has form G=U_V such that ( |U |, |V | )=1, U is abelian
of odd order, and either V=Q8 , A4 , Q8 < Z3 , A5 , Z23 < Q8 or E(M, 2
r), or
V=Z23 < Z4<Z
2
3 < Q8 .
If Aut 1 contains only one regular subgroup isomorphic to G, then by
Theorem 2.4, 1 is a CI-graph. Thus we suppose that G and G are two
distinct regular subgroups of Aut 1 which are isomorphic to G. We want
to prove that G and G are conjugate. Write G =U _V corresponding the
form of G. Since U is a Hall subgroup of Aut 1, by Theorem 2.5, we may
assume that G =U _V . Then F :=(G , G ) =U _(V , V ). If V =V , then
G =G and by Theorem 2.4, 1 is a CI-graph. Thus we assume that V {V .
Then 1 is a connected F-arc transitive digraph of valency 2. Write W=
(V , V ) , and let W1 denote the stabilizer of the identity 1 in W. Then
W=V W1 .
Consider the quotient graph 7 :=1U , induced by U . Clearly, V is
regular on V7, and by Lemma 2.6, 7 is connected. Thus by [4, Proposi-
tion 16.3], 7 is a connected Cayley digraph of V. Let S=[a, b], and write
a=a1a2 and b=b1 b2 such that a1 , b1 # U and a2 , b2 # V. Then 7$
Cay(V, [a2 , b2]). On the other hand, consider the quotient graph 1W
induced by W. We have that 1W is a cycle of length o(a1) and so FW
is cyclic. It follows that a1=b1 . We will complete the proof by several
different cases.
Case 1. Suppose that V=Q8 , A4 or Q8 < Z3 . By Lemma 4.1, 7 is not
2-arc-transitive. Thus |W||V |=2, that is, |W |=|V W1 |=2 |V |. Since
V {V , we have W=V V , and |V & V |=(|V | |V | )|V V |= 12 |V |. Hence V
has a subgroup of index 2 so that V =Q8 . Suppose that CW (V )<V . Then
W is a non-central split extension of Q8 by Z2 . By Lemma 4.2, W$SD16
and V is the only subgroup of W isomorphic to Q8 , which is a contradic-
tion. Thus CW (V )<3 V . By Corollary 2.2, there exists : # Aut(V, [a2 , b2])
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which is induced by an element x of V acting on V by conjugation. Hence
b2=a:2=a2 or a
&1
2 , which is a contradiction to (a2 , b2)=V=Q8 .
Case 2. Suppose now that V=A5 . Then by Lemma 2.7, 7 is not 4-arc-
transitive. Thus |W ||V | | 8, that is, V is a subgroup of W of index dividing
8. It follows from Guralnick [10] that W is not simple. Therefore, letting
N be a minimal normal subgroup of W, we have that either N$A5 , or
N$Zk2 for some k3. If N$Z
k
2 for some k3, then as A53 GL(3, 2), V
centralizes N. It follows that V is normal in W, and therefore, W has only
one subgroup isomorphic to A5 , which is a contradiction.
Case 3. Suppose next that V is one of Z23 < Z4 or Z
2
3 < Q8 . Then W is
a [2, 3]-group, in particular, W is soluble. Let V p be a Sylow p-subgroup
of V , where p=2 or 3. Then V 3 is also a Sylow 3-subgroup of W.
Assume first that CW (V )>1. Then CW (V )3 V , and by Corollary 2.2,
there exists : # Aut(V, [a2 , b2]) such that : is induced by an element x of
V acting on V by conjugation. Hence b2 is conjugate in V to a2 . Consider
the quotient graph 7V 3 , induced by V 3 . Now V V 3 $Z4 or Q8 , which acts
regularly on V7V 3 , and the images of a2 , b2 are conjugate in V V 3 and
generate V V 3 . It follows that V V 3 $Z4 . Write V=(u, v) < (z) , where
(u, v)$Z23 and (z) $ Z4 . As V is a Frobenius group, x is an involution
of V. Without loss of generality, we may assume that x=z2. Then : inverses
all elements of (u, v) and fixes z. As (a2 , b2) =V, we may assume that
one of a2 , b2 is uiz j, where u is of order 3, i # [1, 2] and j # [1, &1]. So
(uiz j ):=u&iz j, and [a2 , b2]=[uiz j, u&iz j ]. Hence S=[a1 uiz j, a1u&iz j].
Let T/G be such that Cay(G, S)$Cay(G, T). Then a symmetric argu-
ment leads to T=[a$1(u$) i $(z$) j $, a$1(u$)&i $ (z$) j $], where a$1 # U with order
o(a1) (as |(S) |=|(T) | ), u$ is of order 3, z$ of order 4, and i $ # [1, 2] and
j $ # [1, &1]. Note that Aut(U ) is transitive on the set of elements of U of
order o(a1), that Aut(V) is transitive on the set of elements of V of order
3, and that all subgroups of V of order 4 are conjugate. To prove that S
is conjugate in Aut(G)=Aut(U )_Aut(V ) to T, we may assume that
a$1=a1 , (u$)i $=ui=u, and (z$) =(z) , namely, T=[a1uzk, a1 u&1zk]. If
k= j, then T=S, and so 1 is a CI-graph of G. Suppose that k=&j=&1
so that S=[a1uz, a1 u&1z] and T=[a1uz&1, a1u&1z&1]. Note that we
may assume that generating relations for V satisfy that uz=v and vz=u&1.
A straightforward calculation shows that there exists { # Aut(G) such that
a{1=a1 , u
{=u, v{=v&1 and z{=z&1. Hence S {=T, and so 1 is a CI-graph
of G.
Assume now that CW (V )=1. By Lemma 2.7, 7 is not 3-arc transitive,
and so |W1 | | 4. Let N be a minimal normal subgroup of W. As W is a
[2, 3]-subgroup, N is an elementary abelian 2-group or 3-group. Since V 3
is a minimal normal subgroup of V and a Sylow 3-subgroup of W, if N is
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a 3-group then N=V 3 , that is, V 3 is normal in W. Suppose that N is a
2-group. Since V is a Frobenius group with the Frobenius kernel V 3 , we
have N & V =1 and N is of order dividing 4. It follows that V 3 normalizes
N, so V 3 is also normal in W. Suppose that CW (V 3)>V 3 . Then CW (V 3)=
V 3_L, where L is a 2-group, and thus L is normal in W. As V is a
Frobenius group, L & V 2=1 and |L| divides 4. Thus L < V 2 is a Sylow
2-subgroup of W. It follows that M :=L & Z(L < V 2){1. Then 1<M
CW (V ), which is a contradiction. Therefore, CW (V 3)=V 3 . It follows that
W=V 3 < W2 , where W2 is a Sylow 2-subgroup of W and W2GL(2, 3).
We may assume that V 2<W2 . Note that a Sylow 2-subgroup of GL(2, 3)
is isomorphic to GL(1, 23)$SD16 . If V 2 $Q8 , then by Lemma 4.2, V 2 is
the only subgroup of W2 which is isomorphic to Q8 . Hence V is conjugate
to V , and so G is conjugate to G . By Theorem 2.4, 1 is a CI-graph. Suppose
finally that V 2 $Z4 . Then by Lemma 4.2, W2 has no subgroups isomorphic
to Z4_Z2 . Thus CW2 (V 2)=V 2 , and it follows that NW2 (V 2)$D8 and V 2
is the only cyclic subgroup of order 4. Now NW2 (V 2) is of index 2 in W2
and so NW2 (V 2) IW2 . As V 2 is the only cyclic subgroup of NW2 (V 2) of
order 4, V 2 is normal in W2 . Since CW2 (V 2)=V 2 , V 2 is the only subgroup
of W2 isomorphic to Z4 . Thus V is conjugate to V so that G is conjugate
to G . Therefore, by Theorem 2.4, 1 is a CI-graph.
Case 4. Finally assume that V=E(M, 2r). Write V =E(M , 2r) and
V =E(M , 2r). By Theorem 2.5, to prove that V is conjugate to V , we may
assume that M =M . Then each cyclic subgroup of M is normal in W as
each cyclic subgroup is normal in both V and V . Since (a2 , b2) =V and
V is nonabelian, we may assume that one element of a2 , b2 , say a2 , is equal
to dy for some d # M and some y # V"M of order 2r. Let W2 be a Sylow
2-subgroup of W containing ( y^) . By Lemma 2.3, NW2 (( y^) )>( y^), and
thus there exist elements in NW2 (( y^) )"( y^) which normalize ( y^) and
each cyclic subgroup of M . In particular, elements of NW2 (( y^) )"( y^)
normalize V . It then follows from Lemma 2.1 that there exists an involution
: # Aut(V, [a2 , b2]) & W2 such that : leaves ( y) and each cyclic subgroup
of M invariant. Write d=d1d2 } } } dl , where di is of order pi -power and
the pi ’s are different prime divisors of |M|. As : is an involution, d :=
di1
1
d i2
2
} } } d ill such that ij=1 or &1. Let b=>ij=&1 d
ij
j and c=>ij=1 d
ij
j . Let
z=cy. Then b:=b&1, c:=c and z:=cyk=zk for some integer k with
k # [1, 2, ..., 2r&1], so b2=a:2=(bz)
:=b&1zk. Since : is an involution, we
have that k=1, &1, 2r&1&1 or 2r&1+1. In particular, V=(a2 , b2) =
(b) < (z). Since Aut((b) ) is abelian, it follows that : centralizes z2, and
it then follows that k=1 or 2r&1+1. Thus [a2 , b2]=[bz, b&1z j], and S=
[a1bz, a1b&1zk]. Since V is nonabelian, b{1. We note that Aut(V, [a2 , b2])
=(:)$Z2 , and that : is induced by an element of V if and only if
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CAut 7 (V ){1 (see Corollary 2.2). As z:=zk, : is induced by an element of
V if and only if [a2 , b2]=[bz, b&1z], that is, CAut 7 (V ){1 if and only if
[a2 , b2]=[bz, b&1z].
Let T be such that 1 $ :=Cay(G, T )$Cay(G, S). Then a symmetric argu-
ment shows that T=[a$1b$z$, a$1b$&1z$k$], where a$1 # U and b$ # M, and
k$=1 or 2r&1+1, and further, CAut 1 $U (V ){1 if and only if [a$2 , b$2 ]=
[b$z$, b$&1z$]. Therefore, S=[a1 bz, a1b&1z] if and only if T=[a$1b$z$,
a$1 b$&1z$]. Now a straightforward calculation shows that there exists
_ # Aut(G) such that S_=T. Thus 1 is a CI-graph of G.
This completes the proof of Theorem 1.3. K
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